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the /l's are all different, then n — lea will be equal to unity, and y x will be the 
only known integral. The number of known integrals will of course depend 
upon the number of 7Js which are equal to \. It is easy to find the order of 
the equation which can be no further reduced. We know that "k x is the greatest 
of the Jl's, at least it is not less than any succeeding %. By continuing the 
process of reduction long enough we must come to an equation of which 

Vi and -p 1 

are integrals; other known integrals such as y%, ~, y 3 , ~, etc., may or may 
not exist according to the relative values of the /l's. The equation having y x 
and -p for integrals is readily found to be 

a^4 + ft &=*& + ■■• + ?.-».+.y = °- 

The coefficients q lt q 2 . . . q n _^ J+i are of course derived by known processes from 
Pn> Pn> • • •Pin- As we know at least two integrals of this equation, viz. y x and 

■—■ , we can reduce it one degree more, giving 
d n ~ Xi + 1 y . d"- Kl y . 

The degree of this equation can no longer be reduced, at least in the sense in 
which the word 'reduction' has been heretofore employed. We have then 
n — h = n — %x + 1 , or h = 7^ — 1 , i. e. n — \ + 1 is the degree of the equation 
of the lowest order which can be obtained by the above process of reduction. 
Of course if we make the substitution 

y — yij zdx 

we find an equation in z of order n — 7^, none of whose integrals are known. 
Suppose now that the coefficients 

Pu,2hz, • • -Pin 
of the original equation are uniform simply periodic functions of the first kind 
having a for period. Then one or more of the integrals will be uniform periodic 
functions of the second kind having for multipliers the different roots of the 
fundamental equation. If the roots of the fundamental equation are all simple, 
then we have as fundamental integrals of the given differential equation n uniform 
periodic functions of the second kind each possessing its own multiplier, which 
is different from all the others. 
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Suppose A = to be the fundamental equation, and e 1> s it . . . s t its distinct 
roots, and v x , v it . . . v t the orders parting from which the minors of A cease to 
be all zero for e= s t (i— 1, 2, . . . t); then it is known* that the differential 
equation admits v x + "^ + • • • + Vt distinct integrals, which are uniform periodic 
functions of the second kind. Again, it is known that, in order that the differ- 
ential equation may admit of n integrals which are periodic functions of the 
second kind, it is necessary and sufficient that each root of the fundamental 
equation A = shall annul all the minors of A up to the order equal to the 
degree of multiplicity of the root. Finally, those integrals of the equation 
which are not periodic functions of the second kind are of the form of poly- 
nomials in x, the coefficients of the different powers of x being periodic functions 
of the second kind, all having the same multiplier. In the case in hand we have 
the differential equation 

d n y , cP- ] 2/ , d n ~ 2 y , 

s= +^» &=-* +Pi »d^ + • - • +p»y = °» 

the coefficients of which are uniform periodic functions of the first kind, having 
a for period. The integrals of the equation are 

dy 1 d? yi d^-hji 



Vi, 



y%> 



Va, 



dx da? ' " ' dx K '~ x 
dx dx 2 " " ' dx x% ~ i 
dy a d?y a d^-hjg 



dx dx* ' ' ' dx x or x 
Since the derivatives of y lt y i} . . . y a must be functions of the same kind as 
the jr's themselves, it is clear that the fundamental equation cannot have more 
than a distinct roots. If the equation have a distinct roots e lf e % , . . . e a , these 
will of course be the multipliers of y x , y % , . . . y a , and consequently of their 
derivatives ; i. e. in this case the equation has n distinct integrals which are 
periodic functions of the second kind. The degrees of multiplicity of the roots 
are respectively \, Aj, . . . Jl a , 

and obvious, e x makes each minor of A up to the order \ vanish, e 2 makes each 
minor vanish up to the order \, and so on. The case when the fundamental 
equation has fewer than a roots is included in the above general theorem ; as an 
illustration, however, suppose that the equation has roots 

Ei ,%,.-• e,8 , /? < a 

*Floquet: Annates de l'Ecole Normals, February, 1883, page 48. 
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belonging to the functions 

Vu y%, • • • yp> 
Then it is obvious that we have 

\ T ^J T • • • T ^ 

integrals, which are periodic functions of the second kind. 

Similar remarks apply of course in the case of coefficients which are doubly 
periodic functions of the first kind, except that in this case we have two funda- 
mental equations corresponding to the two sets of multipliers. 

Resume now the original system of equations of the n tb order, satisfied by 
y t and its \ — 1 derivatives, viz. 

d n + 1 y i . d n y t . . dy _ „ 



dx n + A i~ 1 ^ Pn dx n + \-* ^ ^ pln dx"- 1 
From the first and third of these we derive after easy reductions the equation 

v'Wr X) +p{ly?-* } + • • • +plLy<= o, 

or, writing p& _ a) pft _ m 

—fT—Pztt — jt — F23 • • • > 
Pn Pn 

yT~ v +P®y [ r Z) + ...+p$y=o; 

similarly 

yP+P?]y? +1) +...+pfly' =o, 

(P t \ ytn + D + p f)yf) + . . . + tfgy" = 0, 

y?+h-* +p®y?+h-» + . . . +pfly (x i- 3) = 0. 
The integrals of the equation 

^ dx n ~ 1+P ™ aW=~* + • ' • +lhnV ~ 

are easily seen to be 



dx ' dx 2 dx Kl ~ 3 



y 



al 



dx da? ' " ' dx K *~ s 
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We have thus n — 2a integrals of the equation of the order n — 1 , and these 
are the same as the known n — 2a integrals of the equation 

P®' jjg* Y-» +^ 1 3 ) V"- 3) + • • • + P { i'y = o, 

or say y^~^ +.pgy«— » + . . . + p$y = 0. 

There remain now 2a — 1 unknown integrals of P !2) and 2 (a — 1) unknown 
integrals of P (1) '. 

From (P t ) a we can form again the equation 

p'i'y (n ~ %) + P$'y' n - 3) + • • • + pfi'y = o, 

or say */» ~ 2 > + p<|> ^- 3 > + . . . + _pg y = , 

the integrals which are easily seen to be 

dyi $yx d^-% 



2/i 



dx dx % ' ' ' dx K 



y *' dx' da? " ' dx'*-* ' 

7/ %• <&y« d^~ i y 0L 
y * y dx' da? "' da?«-\' 

These n — 3a integrals are the known integrals of 

y M +p2iy in ~ i) + • • • +p21y = o 

mentioned above. There remain now 3a — 2 unknown integrals of the new 
equation of order n — 2 and 3 (a — l) integrals of the equation of order n — 3 . 

This process can of course be continued just as in the earlier case, where 
the coefficients were p$ ; it is hardly worth while, however, saying anything 
more about it. 

We may go back, however, to the original system once more, and by com- 
bination of the first and fourth, the second and fifth, etc., and making some easy 
reductions, obtain 

y { r X) + 2> { iy (n - i] +...+p$y = o, 
yr-v+M"-* +...+A/' =o, 



yln + Xt-i) + ^yC + S-W + . . . +p$^i-*= o, 
where p l $ = p{i' +p{{' , p$ = p&' -r- p{[' , etc. 

The integrals of 



d n ~ x y i (3)d a ~ 2 y , . (3) n 
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are obviously dy l d?y x al Xl ~ i y 1 

1/1 ' ~dx" ~aW' " 'dx^ 1 ' 

y *' dx dx 2 "" da*~* 

y " dx' dx 2 "" dx"*-* * 
We know thus n — 3a integrals of 

y»-l) +i) (3y*-3) + . . . +jpgjy = o, 

and these are the known integrals of the equations 

yin-2) + ^ y (— 8) + . . . + jpg£y = 0, 

y"- 3) + .pSY""*' + . . . + P l ty = 0. 
There remain then 3a — 3 integrals of the equation of order n — 3 , 3a — 2 
unknown integrals of the equation of order n — 2, and 3a — 1 unknown integrals 
of the equation of order n — 1 . 

Taking the general case, combine the first of the original set with the i + 1st, 
the second with the i -+- 2nd, etc. ; we have as the result 

y {n - 1] + P { ih in ~ 2) + ■ - .+i42y = o f 

where _ m _ <?% ^ *Pii _w> _ #Pn^.#Pn et( . 

The known integrals of this are 



dy x d?y 






Vl ' dx ' dx 2 ' 
dy 2 d*y 2 




ya ' dx dx* dx**- 1 - 1 

These are the known integrals now of the set of equations, including the p w 

equation, 

y<— D+^yfc-W +,..+p!»y =0, 

yin-2 )+ pg-VyinS) + . . . + jjfc-V y =0 , 

y {n ~ 3) + p { t 3) y ln ~ i] +...+ K~ 3) V = . 

3/ ( "-« +i>^i, l - +1 y ( "- i - 1) + . . . +i#U „*/ = 0. 
The numbers of unknown integrals of these equations are respectively 

ia — 1 , ia — 2 , ia — 3 , . . . ia — i. 
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In resume : we have the two equations 

( p )=a? + ^a5^+^*^ + • • • +M ~ °' 

d a_ fy i md n ~ 2 y , m d n -hi , , . 

having the common n — a integrals 



2/i 



' dx ' ' ' dx Xl ~ % 



dy« d k a~ % y a . 



ffa ' dx" ' dx"«~* 
the three equations 

(P) = 0, 

having the w — 2a common integrals 

2/1 ' dec " " da*" 8 



•'" da " ' dzV" 3 



and the i + 1 equations 
(P) = 

£^+J*f^ +-..+^2/ =0, 



do?— 1 ' ^ dx ; 

7« — 3, 






having the w — ia common integrals 

dy x d Kl -*-*$! 

dx dx Kl ~ i ~ 1 



Vi> 



y« 



dy a ^ _ dV-'- 1 ?/,, 
dx ' " ' d'X K «~ i ~ 1 



From each of these systems we may deduce an equation satisfied only by the 
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common integrals, i. e. we would have, including the given equation, a new 
system of equations of the respective degrees n, n — a, n — 2a, . . . n — ia . . . 
satisfied only by the corresponding group of common integrals. The properties 
of each of the new equations will of course be exactly the same as those of the 
original equation. 

In all that precedes it has been tacitly assumed, unless statement is made to 
the contrary, that all the functions y x , y z , . . ,y a , and consequently their deriva- 
tives, are uniform functions ; further, if a t denote a singular point of the function, 
the function will remain finite at the point a { on being multiplied by a deter- 
minate finite power of (x — a t ). The coefficients p u , p n , . . . p ln are therefore of 
the form 

_£JL_, ~Jj , i» 

x — a t (x — a t y (x — a 4 )" 

where p _ F k ^_ 1) {x){x — a>) 1< 

o denoting the total number of singular points; F m (x) an integral function of x 
at most of the degree m. ; and ^ = (a; — a^){x — a 2 ) . . . (x — a p ) .* 

It is of course perfectly obvious that the coefficients of the various derived 
equations are of the same form as those of the given equation, formed as they 
are merely by differentiation, multiplication and division. This being the case 
it follows that the unknown integrals of these derived equations are uniform 
functions of the same character as the known integrals 



Va 



dx dx % ' " " dx" 
dy % d%2 d k *y % 

' dx dx* ' ' ' dx** 

dy* j <P?; % d ka ?J* 
' dx dx 2 ' ' ' dx ka 



* Crelle, Vol. LXVI. Fuchs : Zur Theorie der Iinearen Differentialgleichungen mit veranderlichen 
Coefficienten. 



